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[σ ∧ τ ] = [σ] ∩ [τ ]
dTiwf












































M(e) = (eū) ∈ π
  Rp+






















K ⊆ I ∩ J
¤XKLO;JUViwgA
e ∈ V (I)∪V (J)
U
e ∈ V (I)
RT[





V ({M})LNR§RT[N@ LP=?A  


















K = I ∗ J

<=wAi
V (I)∪V (J) ⊆ V (I ∩J)
2BIUViwgA
I ∗J ⊆ I ∩J
IA`}TAL
V (I ∩J) ⊆ V (I ∗J)
 



























MI(e) ∗MJ(e) 6∈ π
K=?AiwgALP=?A+gRsiwfKULPUVRTi
e 6∈ V (I ∗ J)
=?UVgh=$Ai|JX?[NAOJ




∅ = V ({1})
_dsJMLY





































λ  gOd^SgX?SVXwJngdT[P[NUVAOJe?[NAOgUVJPASVH+LP=wAi?R^LNURsiRTlgRT@e?XKLhdpLNURsiaLN=?Abi?A Rse|AO[Nd^LPUVRTi
a ∗ b
JP=?RTX?Sf·[NA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a + bLNRT}sALP=wA[ULP=$LP=?Ai?A gRsiwJMLhd^i9L
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a + (−a)) ⇑
w=?UVSA+UL¨gOd^i$Q|AJPUV@bewSUNMwAOf$LNR
























































































(0+) e + 0 → e
(C+) e1 + e2 → e2 + e1
(A+) (e1 + e2) + e3 → e1 + (e2 + e3)
(I+) e1 + (−e1) → 0
(−0) −0 → 0
(−−) −(−e) → e
(−+) −(e1 + e2) → (−e1) + (−e2)
(0∗) e ∗ 0 → 0
(1∗) e ∗ 1 → e
(C∗) e1 ∗ e2 → e2 ∗ e1
(A∗) e1 ∗ (e2 ∗ e3) → e1 ∗ (e2 ∗ e3)
(D) e ∗ (e1 + e2) → e ∗ e1 + e ∗ e2


















(∗ app) (a ∗ bc) → (ac) ∗ (bc)
(+ app) (a + bc) → (ac) + (bc)
(− app) (−ac) → −(ac)
(1 app) (1c) → 1
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e2  e3 
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σ ::= ω|t|σ ∧ σ|σ → σ
É§Á&ÊÉ¡Ë
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τ 6 τ ′
UV@e?SH
σ → τ 6 σ′ → τ ′
¸
l
σ → ω 6 ω → ω
¸
9U.
(σ → τ) ∧ (σ → ρ) 6 σ → (τ ∧ ρ)

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ω → ω









σ 6 ω → ω

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∆ ` (x : σ) ∈ ∆
∆ ` x : σ
(→ I)
∆, x : σ ` e : τ
∆ ` λx.e : σ → τ
(→ E)
∆ ` a : σ → τ∆ ` b : σ
∆ ` (ab) : τ
(Tω)
∆ `
∆ ` e : ω
FV(e) ⊆ FV(∆)
(T 6)
∆ ` e : σσ 6 σ′
∆ ` e : σ′
(R0)
∆ `
∆ ` 0 : σ
(R−)
∆ ` a : σ
∆ ` −a : σ
(R+)
∆ ` a : σ∆ ` b : σ
∆ ` a + b : σ
(R∗)
∆ ` a : σ∆ ` b : τ
∆ ` a ∗ b : σ
(T∧)
∆ ` e : σ∆ ` e : τ
















∆ `s e : ρ
§Rs[dTiIH
f?A[NUpdpLNURsi6=wUVgh=$AiwfwJU¥LN=·dbJLP[NXwgLPX?[hd^S[NX?SVAT
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
 ?¢;¢	p¢ ∆ ` e : ρ  ?¢ ∃n, ρ1 . . . ρn   ? ρ1 ∧ . . . ∧ ρn 6 ρ  ∀i.∆ `s e : ρi  
 ∆ `s 0 : ρ
^  2 K
  
 ∆ `s x : ρ
 
(x : ρ) ∈ ∆  	
 ∆ `s λx.e : ρ
 
ρ = σ → τ

∆, x : σ ` e : τ
£pO£¢
σ, τ 	
 ∆ `s (ab) : ρ
 
∆ ` a : σ → ρ

∆ ` b : σ
£p(£¢
σ 	
 ∆ `s a + b : ρ
 
∆ ` a : ρ

∆ ` b : ρ 	 
 ∆ `s −a : ρ
 
∆ ` a : ρ 	  
 ∆ `s a ∗ b : ρ
 
∆ ` a : ρ
£p
∆ ` b : ρ 
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γ ∧ δ 6
ρ → τ
dTiwf®° ∧n
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∆ ` e′ : σ 










P (e) = 0






























X ē ≡ (Xē)
dTiwf
X p̄+q̄ ≡ X p̄ ∗ X q̄
|§RT[

















do(X ē) = 1
dTiwf
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P, Q, . . .
¶UsAi





















	²¢ £h£` ²£ q

























I ∈ E[X ] ideal
fKAMwiwA
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E[X ]
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E 












V∆,σ ≡ {e | ∆ ` e : σ}
i·Q;R^LN=tgdsJAYJ










JPX?Q  [NUi?}6gSVRsJPAOf4QIH4[PAYfKXwgLNURsiwJOldTiwf π e?[NUV@bAbd^iwfe?[NRTe;A[`UfKAYd^S
R^ R ;ULP=[PAYJe;AOgL`LNRLP=wAUViwfKX|gAOf$[NUiw}JLP[NXwgLPX?[NAT ¨AMwi?A'LN=?A'§RTSVSVRpUi?}g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YK * º 	 uwRT[d^SVS
e ∈ E
JPXwgh=6LP=wd^L











































































[σ ∧ τ ] = [σ] ∩ [τ ]
¸
UVUU.











e(a1, . . . , an)
dTJASVS/






   w
[σ] ⊆ π
 





















∆ ` e : σ
UVJLN=IXwJAOSS&fKAMwiwAOf$QIH
[∆ ` e : σ] ≡ ∆  e : σ

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∆ ` e : σ
?¢
∆  e : σ 
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LP=?RKfJPX?}s}TAOJLPAYf4Ui D ysyI ;=wUVgh=
]MX|JMLNU MwAYJLP=wAfKU[NAOgLe?[PRIRT&UVi4JPAOgLPUVRTi¦yT
i D yOoI 2Znd^RsSUVi?Ud^iwf¬cRTiwgh=wU(¨ASVSdcRKgOg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dTiwf·gdTSSaLP=?UJ`UVi9LPAO}TA[`U¥LhJ ¢   a<=?AOi
e ∈ E
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1 = (λx.eaū)∗ b+p

¤XKLLP=?AOi
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∆ ` e : σ
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[σ] ⊆ π
UJd^SVd³HKJLN[PX?AUitLP=wd^L'gOdTJPAT`¤H$e?[PRse|R9JULPUVRTimK;A}TAL















































(aū) + (bū) ⇓ v





(aū) ⇓ v(bū) ∈ R



















º      &¢
π ≡ {e ∈ R|∃v ∈ π0.e ⇓ v} 
?¢
π
 l ¢lP£Nw¢4 T¢hp £ 
R 
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∀e ∈ R ` e : ω → ω
 
e ∈ π iff e ⇓
°yY±
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∇σ ∈ R[X ]
?JPXwgh=%LN=wdpL






∀e ∈ R.∇σ(e) ⇓
U 
















` e : ω → ω
  A+=|d³TA¨dTS[NAOdsfKH
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: E → R with kernelπ
°.rT±











• eσ→τ ≡ λx.(∇σ(x)eτ )
d^iwf
∇σ→τ (X) ≡ ∇(X) + ∇τ (Xeσ)
¸
• eσ∧τ ≡ eσ ∗ eτ
d^i|f
∇σ∧τ (X) ≡ ∇σ(X) + ∇τ (X) − I

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(eσ ,∇σ)σ∈ 
   ¢4h£ ²£  	 
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FV(e) ⊆ FV(∆)  ∆ ` e : σ
 
e([∆]) ⊆ [σ] 

⇒
P¢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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(R, π)

















C[] ≡ P ([](s))
=?AO[PA
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* ² »
a vT b
U t§RT[dTSS
∆, σ ∆ ` a : σ
UV@e?SUVAOJ
∆ ` b : σ
¸











Γ ` s : ∆
§RT[
Γ ` s(x) : σ
§Rs[d^SVS
(x : σ) ∈ ∆
\<=?Ai
º     	   ?O º 
Γ ` e(s) : σ 
 w¢
∃∆.Γ ` s : ∆

∆ ` e : σ 
   ¾a¾ ¤H%Uiwf?XwgLNURsi$Rsi$LP=?AfKAO[PUVpdpLNURsiLP[NAA
Γ ` e(s) : σ


 &ºI¾  º 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O³w^ ¾ 
vT =vO 
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∆ ` a : σ
d^iwf
















P ::= e|(Xū)|P ∗ P |P + P
XwJPUiw}6gRs@e?SALPAOi?AOJNJ¨dTiwf4LN=?A²dsgL
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